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HOMOGENEOUS STKAINS. 

By Dr. William H. Metzlek, Boston, Mass. 

Introduction. 

A matrix considered as a linear vector operator, when geometrically inter- 
preted, represents a homogeneous strain,* so that the latter subject may be 
treated by means of matrices. This subject has been very ably and fully 
treated by Professors Tait and Kelland in their treatises on Quaternions, and 
I do not here in any way extend their investigations but simply cover some of 
the same ground making use of the operator f in the form of a square array 
and thus exhibiting the roles which its constituents play. 

I shall separate the paper into two parts, the first dealing with homogeneous 
strains in space of two dimensions, and the second part dealing with homo- 
geneous strains in space of three dimensions. 

Part I. — Space of Two Dimensions. 

1. Let the matrix ^ = ( a,, a,2 ) , 

and let f) = xi + yj be the vector to a point whose coordinates are {x, y) re- 
ferred to the rectangular system i, j ; then 

9P = («ii« + «i2j') «' + («2i« + a-ny)3 = l> • 
The angle d between p and ^^ is given by 

a ^"^^ S()(pp 

cos U =^ cos ,0 . (Dp = r„ ' r,, — ; 

Ip . I<pp 
and therefore 

cos e = agig' + xy (a,^ + a,,) + y\i.^^ ^ 

y'a^ + y' ^/(a„a? + a.^yf + (a-^x + a^^f ' 

2. If p is unchanged in direction by <f we must have Vp<fp ^ or 
(pp = Ap, from which we get 

Xx = a^iX + a,.^y , ly = a^^x -|- a^y ; 
or 

Ki — -^O* + «i22/ = , «2ia.' + («22 — /) y = . 

♦ See Taber, American Journal of Mathematics, Vol. XII. 
Annals of Mathematics, Vol. VIII, No. 5. 
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These equations are satisfied by values of x and y other than zero when 



and therefore 



«u — 


-< «,2 




= 0; 


«21 


(i-a - 


-X 





where J 



<P\ 



J'=' 



/ 2 ' 



a„ a,. 



<?21 <^22 



Denoting these two values of X, which are the latent roots of, (p by g^ and 
^2 we liave 



and 



9i 



y X y 

=1 ^ = m , or — =: ^- 



= rt ; 



9i — ail 



y X y 

■= -^- = m , or — =: ^ == n . 



The two vectors whose directions are unchanged by <p are therefore 

^, = m { {g^ — a^) i + a^,j \ = n{ a J. + {g^ — a^^)j ) , 

P2 = m{(g., — a^)i + a^,j\ = n { a^^i + {g^ — a^;)j } . 

These vectors are real when g^ and g^ are real and it is obvious that p^ and p^ 
will coincide when g^ = g^. 

Operating with <p on />, and p^, we get 



fPi = m\{ a„ (p-, — a22) + «i2«2i } i + {«2i (p-i — ^22) + «2i «22}i] = 9iPi > 

<PPi = 9if>i 

(9l — «22) ($'2 — «22) + «2i! 



similarly 
Again, 



cos |0, . p^ = 



V{gi — a^f + aji' • V (5-2 — «22)' + «2 

^21 (^12 ^21) 



= , if ^ is symmetric. 
If <p leaves all vectors unchanged in direction the equation 

Xx = «„« + a,2y , Xy = a^^x + «22S' 
must be independent of x and y, and therefore a,2 = aji = and a„ = a^^ = X. 
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Consequently 

f^{ «u ) = «„( 1 ) 

I a„ I I 1 I 

and is a multiple of unity. 

3. If f transforms the vector p perpendicular to itself we must have 

cos f) .(fp = 0, that is 

«ua5' + («i2 + «2i) «y + «222/' = ; 



aii(j . g — — «i2 — «2. ± 1^(«i2 + <^2if — 4ana^, 



Then 






— a,^ — «;, ± T/(ai2 — aitf — 4 J 

«12 — «2i + 1^(«r2 — «2r)' — 4 ^ 1 • , ■} 



a,2 — «2i — i/(a,2 — «a,f — 4J 1 ^ _j_ 



2«ii J 



^1 



are two vectors transformed by <p perpendicular to themselves. They are real 
or imaginary according as (a,2 + «2i/ ^ ^a^a^^ or («,2 + aj,)^ < 4a,ia22. respec- 
tively. 

They are at right angles to each other if «„ + a22 = 0, which is the con- 
dition that ^ is a vector.* 

If <p transforms all vectors perpendicular to themselves then 

aiiar" -|- (a,^ + a^i)xy + 2^='a22 = 
independently of x and y ; 

^11 "^ ^22 ~~~ ^ 1 ^12 "^^ ^21 > 

and <p is skew symmetric. That is a skew symmetric matrix rotates all vectors 
through 90° and increases their length a,^ times. 

4. A pure or non-rational strain consists in altering the lengths of two 
lines at right angles to each other without altering their directions. 

We have seen in Art. 2 that the two vectors ,0, and (i^ are at right angles 
to each other when (p is symmetric (self-conjugate), which is the condition, 
therefore, for a pure strain. 

5. For a pure rotation. 

Tiff) ^ 2}> , and cos p .a^ cos <pp . <f(T . 

* See paper by Prof. Cayley, Messenger of Mathematics, Vol. 14, p. 146. 
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From either of these we get 
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l/ar" + f = i/(«,ia; + a^^f + [a^^x + a^yf ; 

from which we may derive 
and 

^12 =^ ^ *21 > '"u ^^^ "+" ^22 5 ■ 

and y; is orthogonal. 

Again, cos n . wi> =^ — il — ~ — ^ ^„'^ '., ^'-^ ' — ^2- which must be the same 

o I Tl a!^ _|_ 2/^ 

for all vectors />, and consequently independent of x and y ; 

.-. «!, =-- ^22 , ai2 = — (3^21 > ^ii'i ^'os /* • 9P ^= ^u .• 

The direction of rotation is given by the sign of a^^ ; if it is positive the 
rotation is negative, and if it is negative the rotation is positive.* 
We may now write 



<P = { 



± vl — «„•'' ) , or ^ = ( 



VI — rt„^ «ii 



±i/i-0, 



+ 1/1 



a. 



The latent roots become 

!/i = «u + Va,^ — 1 , g'2 = «ii — l/^ii' — 1 ; 

both of which are imaginary unless a,,^ — 1 = 0, in which case gr, := gr^ =^ ± 1 . 
If ^1 and ^2 8.re imaginary, then obviously ,o, and />2 are imaginary ; otherwise 
they are zero. 

6. Any matrix (f can be written in the form ^ = ^, + ip^, where ^, is sym- 
metric and ^2 is skew symmetric ; from which we see that any homogeneous 
strain is equivalent to a, pure strain plus a rotation through 90°, accompanied 
by a uniform dilatation measured by c,2, where c^^ = ] ^j | • 

Again any matrix tp can be written in the form tp = tf^-\- (p^, where ^, is a 
symmetric and ^2 i^ ^ skew matrix. 

Let 



fi = ( "^ii *ii 



and 



*I2 1^22 



92 



( ^w ^'12 ) > 



then (p z=^ (f^ ^ ^2 shows that any homogeneous strain is equivalent to. a pure 

* By a,, here is meant the constituent of <p in the first row and second column. 
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strain plus a rotation through an angle cos ' 



V^n + Cxi 



= , accompanied by a 



uniform dilatation measured by V c^^ + c^i ■ 

If Cii^ + c,2^ = 1, tlien ^2 is orthogonal, and represents a pure rotation. 
In this case, to express the constituents of (p■^ and ^2 io terms of those of (p we 
have 



^ ^11 + Cu , «12 =^ J,2 + ;/ 1 — C,i^ , a21 = 5,2 — 1/ 1 — Crt , «22 == ^22 + f-'ll ; 



^12 = i («i2 + «2i) . c,i = =b i 1/4 — (a,2 — fla)' , 



and 



and 



i^U — «I1 =F i 1/4 — («i2 — «2if , ^22 = «22 -+- i 1/4 — («12 — «2l)'' ; 

i («12 + «2l) 



f 1 = ( «ii =F i l-''4 — (ai2 — a2iT 

i («12 + «2l) 



), 



f2 



( ± i |/4 — («,2 — a-iif 



+= i 1/4 — (ai2 — a^if 
i («i2 — «2i) ) ; 



i («i2 — «2i) ± i v'4 — («,2 — a2i)' 



which shows that neither <fi nor ^^^2 ^^iH be real unless «i2 ~ «2i < 2 . 

7. If ^ = ^,^2 where (p^ is symmetric and ^2 is orthogonal to express the 
constituents of .^1 and f^ ^^ terms of those of f. 

From the equation 

we have 



«ii = ^iiCii — *I2 1^1 — Cn^ , «12 = *ii VI — Ci/ + 5i2Cii , 



ftjj — C11O12 



*22 y 1 — Cu^ , «22 = K /I — a/ + *22<^ii ; 

«U + «22 



"22 






l/(«ll + «22)''' + («12 — «2l)^ ' 

^10 dnt 



Vian + «22)' + («i2 — «2i)' ' 
«ii («n 4- ^22) + ai2(ai2 — «2l) 

l/(«n + «22)' + («12 — «2l)' 

^12^22 I ^11^21 

/K7 4- «22)' + («12 — «2l)' ' 

I __ ^^^22 (^11 ~r <i^22) ^21 (^12 ^21) 

^ V\an + «22f + («12 — «2l)' 

In this case both ^j and f 2 are real, if y^ is real. 



5l2 = 
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8. TVi« matrix ^ = ( a a) rotates all vectors into the direction of 

\a a\ 

If f) = xi + 1/J , 

then 

<Pl' = « (« + y) (« + j) = a.{x-\-y)a , 

fl> = 2«^ (a; + y) <r , 



yj'Y* = 2"-' . a" . (« + 2/)<T. 

Part II. — Space of Three Dimensions. 



then 



9. Let yj = ( ^ij «i2 ai3 ) , and ,0 = xi -|- jy + zk ; 

^21 ^22 ^23 



f ," == («11« + «12y + «13S) i + («21« + «222/ + «232),; + («31« + «32y + ^SS^) ^ . 

and 

cos i> . fp = 

x^an + xy (ai2 + a^, ) + y^q^^ + xs {a^^ + a^^) + z^a^ + yz {a^ + a^) 

VO? -Yf^Z^ l/(«ll« + «12y + «13^)^ + («2l!» + «22y +«23^f + («31« + «32y + «33«)^ ' 

The vectors unchanged by strain are given by F/j^^o = or fi> = Ap . 
From these we get 

«ir« + d-viy + «i3^ = /a? , 

a-iix + a^ + a^ = \z . 

There are three values of X, given by A' = 0, for which these equations 
are satisfied by values of x, y, and z other than zero, where 



d = 



a„~i 


«12 


«13 




«21 


a^ — X 


«23 




«31 


«32 


a^ - 


~x 
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Then 



X 

X 

AT, 






22 



= /!, 



or 



where 






^'„ = 



"22 
^32 



i «„ 



(Z^f ^33 " A 



^ «. 



^4',,= 



Ct'oi tvo* 



etc. 



Denoting the latent roots of <f by gi, g^, g^, we have 

(>l = I [{P'l' — P'l(«22 + ass) + -^u} i + {5'.«21 + -4 12}.; + {P'l«31 + -4 13}^] 

= m [{^i«i2 + -42i}i + {gi—gi{an + ^a,) + ^22}./ + {^i«32 + ^23} ^] 
= w [ I g-i^ia + .^3,1 ^ + I ^i«23 + ^32} j + Sp'i^ — p'l («ii + «22) + -^ssl ^] . 

/"2= ^[5P'2^ — P'2(a22 + «33)+-4llh'+ SP'2«21+-il2i./+ f 5'2«3l + -^ isl ^] = etc, 
/'3=^[1P'3' — P'3(a22 + «i3)+^lll^+ {P's«21 + -^12(i+ S P's«31 + -4 isl *] = ctc. 

There are therefore three vectors whose directions are unchanged by the 
strain, all of which are real if g^, g.^, and g^ are real. One at least of these 
vectors is real, since one of the latent roots must be real. 

Operating on pi, p.^, ,0, by f, we get 

9lh = fflf'l , <PP2 = 9^<>2 , fP-6 = Ws • 

10. If (p is symmetric, then gi, g^, g^ are real, pi, i>^, f)^ form a rectangular 
system, and the strain is pure. The equations fCi = g^ft^, <p()^ = g.^fj,„ <fp^ = g.^o.^ 
show that for true physical pure strain g^, g.^, g^, besides being real, must be 
positive.* 

11. For a puie rotation we must have 

Ttp[) = If) , cos f> . a = cos ipj) . (fa ; 
.-. flii^ + a2i^ + «3i^ = 1 , «„ai2 + a-aci-ir. + «3i«32 = , 

ai2 -\- a-ii + "w = 1 , «ii«i3 + 0".\aa + «8i»33 = , 

«13^ + «23^ + «33^ = 1 . «12ai3 + «22«2:! + O^i'^-ii = . 

* Kelland and Tait, 2d Ed., Chap. X, Sect. V. 
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From these we may obtain 

an + «12^ + an = 1 , «11«21 + «12«22 + «13'?28 = , 

«21^ + «22^ + «23^ = 1 , «11«81 + «12a82 + ai3«3S = , 

«31^ + «32^ + «33^ = 1 , «21«31 + «22«32 + «23«33 — • 

The matrix ip is theu orthogonal and .*. ay^ = J^n, and in general, «„ ^= ^,«-* 
One of the latent roots is real and equal to ± 1,* suppose it to be g^. 
Then 

ih = q(2 ± (^2 + $'3 + «ll) + ^lO* + (^12 ± «2l),/ + (-4l3 ± ^Sl)*}- 

If all the roots are real, then (p is symmetric, and ^j = ± 1, ^3 = ± 1.* If 
^j = p-^ = ^3 ^ 1 , there is obviously no rotation, and if g^ = g,^ -—■ g^ = — 1 , 
then the rotation is improper or physically impossible. 

To find the amount of rotation, we find a vector p^ perpendicular to p^, the 
axis of rotation, and tlien the angle d of rotation is given by 

cos d = cos f>^ . fp^ . 

The vector /)^ = («„ — l)e + ciy^j -f aiJc is easily seen to be perpendicu- 
lar to />,. 

Then <pi>^ = (1 — «„) i — a^J — a.J- , 

and 

cos 6 = — («n — 1)' — «2lgl2 — <>13^31 



v'Ohi-if + (hi + a,i Via,, - If + «2i^ + «3i' 
= i (— «u' + 2a„ — 1 — «„«»— «u«22 + ^33 + A^) (1 — «„)-' 

= i [(""u + «22 + «33) — 1] 

= i{ffi + ff2 + 9i — 1) ,t 
cos 20 = ^ ig,' + g.} + gi - 1) , 

and generally 

cos ne = \ (p-," + J// + f/s" - 1) • 

12. Suppose ^ is a skew matrix of the form 

^ = ( flu a,., a,3 ) . 



- «13 — «28 « 

* See my paper, American Journal of Mathematics, Vol. XV, No. 3, § 4. 
tSee Routh, Rigid Dynamics, 3d Ed., Chap. V, Art. 184. 
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One of the latent roots (^, say) will be real and equal to a,i, while the re- 
maining two will be complex imaginary. The vectors (i-^ and ,"3 will be imag- 
inary while |0i = la^ (a23i — Ui^J -j- «i2^') and ^,«, ^ a,i|Oi . 

The vector f)^ — (a'^ — a^^) i — («i2 — a^sdj + ("'28 — ^w)^" is readily seen 
to be perpendicular to />,. 

Then 

ff'i = { «U («13 — <hd — «r2 («12 — «23) + «13(«23 — 'hd 1 * 

+ { — «12(«13 — «12) — «ll(«12 — «2?) + «23(«2i — ^13)] j 
+ { — ai.,(ai3 — «i2) + a23 («12 — «23) + «n («23 — «13)} ^' . 



and 



cos pi . <pi>i = 



V'ffn + «i2^ + <-'n + 'V 



which is seen to be the same for all vectors perpendicular to Oj. 
We also have 



^V/'4 ^ l/«ll' + "12" + «13' + «2:!' • ^/'l , 

which shows that there is a uniform dilatation perpendicular to the axis of 
rotation measured by i/ai,^ + tfi2^ -f- rtis^ + «23^ . 

13. If <p is skew symmetric, then a,i = 0, and therefore cos p^ . fPi = ; 
that is, (f rotates all vectors perpendicular to ,«, through 90°, and uniformly 
elongates them V Uy^ -\- a^^ -\- a^ times. 

Postscript. — On obtaining the above results for a skew symmetric matrix 
I observed that they were at variance with those given in Tait's Quarternions, 
3d Ed., Chap. XI, Art. 381, pp. 298. I sent my solution to Prof. Tait, who 
replied that the fallacy was in his book, and not in my work. He was evi- 
dently thinking of another case when giving the results for this. 

Massachusetts Ikstitute op Technology, January 13, 1894. 



